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a) Lift coef� cient amplitude

b) Phase angle of the lift coef� cient

Fig. 2 Rectangular wing of aspect ratio 2 oscillating in pitch about the
leading-edge axis.

Conclusion
This work presents a numerical method to solve the linearized

sonic equation over lifting surfaces. For rectangular shapes one can
admit that the solutionis nominallyexactbecauserectangularpanels
� t exactly the wing surface. For swept wings the model deserves
further development, especially in terms of convergencebehavior.
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Introduction

T HE basic phenomenon of stall associated with airfoils is quite
well understoodand has now become standard textbook mate-

rial. It is caused by massive � ow separation resulting in sharp drop
in lift and increase in the drag acting on the airfoil. In certain cases,
hysteresis in the � ow has been observed for angles of attack close
to the stall angle. However, this phenomenon is not very well un-
derstood.Hoffmann1 has reported the hysteresis loop in the data for
aerodynamiccoef� cients for a NACA 0015 airfoil. He also studied
theeffectof freestreamturbulence(FST)on theperformancecharac-
teristics of the airfoil. The hysteresis in the data can be observed for
low FST but disappears for high FST. The present work is an effort
to study the behavior of the � ow near stall by solving the governing
� ow equations numerically. Carefully conducted computations are
utilized to track the hysteresis loop in the aerodynamic data close
to the stall angle. To the best of the knowledge of these authors,
this is the � rst effort of its nature. The incompressible, Reynolds-
averagedNavier–Stokes (RANS) equations,in conjunctionwith the
Baldwin–Lomax model2 for turbulenceclosureare solvedusing sta-
bilized� nite elementformulations.The � nite elementmesh consists
of a structuredmesh close to the body and an unstructuredpart, gen-
erated via Delaunay’s triangulation,away from the body. This type
of a grid has the ability of handling fairly complex geometrieswhile
still providing the desired resolution close to the body to effectively
capture the boundary-layer � ow, especially in the context of un-
steady � ows. Despite the simplicity of the Baldwin–Lomax model,
its implementation with unstructured grids is not trivial. The inter-
ested reader is referredto the articles by Kallinderis3 and Mavriplis4

for details.
The � nite element formulations and their implementations used

in the present work are well proven and have been utilized to
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solve a variety of unsteady � ow problems.5 To stabilize the com-
putations against spurious numerical oscillations in advection-
dominated � ows and to enable the use of equal-order-interpolation
velocity-pressure elements, streamline-upwind/Petrov–Galerkin
and pressure-stabilizing/Petrov–Galerkin stabilization techniques5

are employed. In this technique, stabilizing terms that are based on
the element level integrals of the residuals are added to the basic
Galerkin formulation. The time integration of the equations is car-
ried out via the time-accurateversion of the generalized trapezoidal
rule (Crank–Nicholson). The nonlinear, implicit equation systems
resulting from the � nite element discretization of the � ow equa-
tions are solved using the generalized minimal residual technique
in conjunction with diagonal preconditioners.

Results and Discussion
The NACA 0012 airfoil resides in a rectangular computational

domain whose upstream and downstream boundaries are located
at 5 and 11 chord lengths from the leading edge, respectively.The
upper and lower boundaries are placed at � ve chord lengths each
from the leading edge. The no-slip condition is speci� ed for the
velocityon the airfoil surface,and freestreamvaluesare assignedfor
the velocity at the upstream boundary.At the downstreamboundary
a Neumann-type boundary condition for the velocity is speci� ed
that corresponds to zero viscous stress vector. On the upper and
lower surface boundaries the component of velocity normal to the
componentof stressvectoralong theseboundariesis prescribedzero
value.The Reynoldsnumberbasedon the chord lengthof the airfoil,
freestream velocity and viscosity of the � uid is 106.

Figure 1 shows the close-upview of a typical � nite element mesh
employed for the computations.Computations for a =0, 5, 10, and
15 deg are initiated with the steady-state solution at the respective
angles of attack for Re =102 . The steady-state solution is obtained
by simply removing the unsteady terms from the governing equa-
tions.This is possiblebecausethepresentmethodutilizesan implicit
time-integrating procedure. The Reynolds number is then ramped
up to 106 over a period of approximately500 time steps and the tur-
bulence model is turned on. The computations are continued until
the fully developed � ow is obtained. The fully developed solution
for a =15 deg is used as an initial conditionfor computing the � ow
for a =16 deg. The � nite element mesh for this computation is ob-
tained from the mesh for a =15 deg via a mesh-moving scheme
that preserves the number of nodes and their connectivity.Once the
fully developed � ow for a =16 deg is obtained it is utilized as an
initial condition to obtain the � ow for a =17 deg. The process con-
tinues until the fully developed � ow for a =20 deg is computed.
The series of solutions at various angles of attack, obtained by this
method, approximates the situation where the wind-tunnel data for
a static airfoil are collected by increasing the angle of attack in
small increments. Our computations indicate that the � ow ceases
to be steady beyond a =17 deg and vortex shedding is observed.
The unsteadiness in the � ow increases with the angle of attack.
Computations have also been carried out for the a =20 deg case
by using, as the initial condition, the steady-state solution for the
same a and Re =102. It is found that the fully developed unsteady
solutions obtained by starting from these two different initial con-
ditions are the same. Next, the solution for a =20 deg is used as an

Fig. 1 Re = 106 � ow past a NACA 0012airfoil at 18-deg angleof attack;
a close-upview of the � nite element mesh; 19,071nodes,37,896elements.

Fig. 2 Re = 106 � ow past a NACA 0012 airfoil: variation of the time-
averaged drag and lift coef� cients with angleof attack; hysteresis can be
observed near the stall angle; the experimental results are from Ref. 6
for Mach = 0:3 � ow and Re = 1:8 £ £ 106 .

Fig. 3 Re = 106 � ow past a NACA 0012airfoil at 18-deg angleof attack:
vorticity and pressure � elds for the computed solutions obtained with
increasing and decreasing angle of attack.

initial condition to obtain the solution for a =19 deg, which is in
turn utilized to compute the � ow for a =18 deg, and so on. The so-
lutions obtained in this manner will be referred to as the decreasing
angle solutions. Figure 2 shows the variation of the time-averaged
values of the aerodynamic coef� cients with the angle of attack for
the computed solutions along with some experimental results.6 The
experimental results correspond to Mach =0.3 and Re =1.8 £ 106

� ow. In the experiments the transition point was not � xed and no
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attempt was made to determine its location. However, the present
computationsdo not model transition and the � ow is assumed to be
turbulent right at the leading edge of the airfoil. Additionally, the
� ow is incompressibleand the Reynoldsnumber is a little lower than
that in theexperiments.These reasonsmight explainsome of the dif-
ferencesthat can benoticedbetweenthenumericalandexperimental
results.Hysteresis in the aerodynamiccoef� cients for the computed
solution can be observed for a lying between 17 and 19 deg. Qual-
itatively, these results look similar to those reported by Hoffman1

for his experiments with the NACA 0015 airfoil for low FST.
The hysteretic behavior of the � ow is caused by its ability to re-

member its past history. The starting point for the � ows along the
increasing angle branch is an attached � ow, whereas it is a mas-
sively separated � ow for the � ows along the branch corresponding
to the decreasing angle. The instantaneous vorticity and pressure
� elds for the two solutions for a =18 deg, in the fully developed
state, are shown in Fig. 3. The solution along the increasing angle
branch shows relatively low unsteadiness compared to the one that
has been obtained with the decreasing angle of attack. This is also
re� ected in the time histories of the lift and drag coef� cients for
the two solutions (not shown here). The unsteady componentof the
aerodynamic coef� cients for the � ow with decreasing angle is sig-
ni� cantly larger than that with the increasingangle.Because both of
the computationshave been carried out with identical � nite element
meshes, it can be concluded that it is the initial condition that is
responsible for the multiplicity of solution.

Conclusion
Results havebeenpresentedfor computationof � ow pasta NACA

0012 airfoil using RANS equations in conjunctionwith a Baldwin–

Lomax turbulencemodel for closure.A well-provenstabilized� nite
element method that has been applied to various � ow problems
earlier has been utilized to solve the incompressibleNavier–Stokes
equations in the primitive variables formulation. Hysteresis in the
� ow has been observed for angles of attack close to the stall angles
of the airfoil. The ability of the � ow to remember its past history is
responsible for its hysteretic behavior.For the same angle of attack,
the � ow obtained with the increasing angle results in an almost
attached � ow with higher lift and lower drag, whereas the one with
decreasing angle of attack is associated with large unsteadiness,
lower lift, and higher drag. These computations demonstrate that a
simple turbulencemodel in conjunctionwith an accurate� ow solver
can replicate fairly complex physical phenomenon. The success of
the turbulent � ow calculations depend not only on the complexity
of the turbulence model, but also on the accuracy of the underlying
basic numerical scheme for solving RANS.
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Introduction

E XTENSIVE research has been conducted over the past few
years on mixing enhancement using trailing-edge modi� ca-

tions in supersonicrectangularjets. The trailing-edgemodi� cations
(or cutouts) were either on the splitter plate in a half nozzle1 or
on the nozzle extension in a full nozzle.2 The use of trailing-edge
modi� cations of this type resulted in signi� cant mixing enhance-
ment in the underexpanded� ow regime, moderate enhancement in
the overexpanded regime, and no signi� cant mixing enhancement
in the ideally expanded � ow regime.1,2 Note that the mixing en-
hancement was achieved without thrust loss in these experiments.
Through a detailed investigationof the physics of the vortex gener-
ation mechanism, Kim and Samimy2 concluded that the spanwise
pressuregradienton the modi� ed trailing-edgesurfaces is the major
source of streamwise vorticity.

The reason for the use of the trailing-edge modi� cations on the
splitter plate or on the nozzle extension in a full nozzle was to
simplify the problem so that the physics of the streamwise vorticity
generationmechanismcouldbe identi� ed. However, in the practical
applications,the cutoutswould be locatedon the nozzle blocks, that
is, before the expansionin the nozzledivergingsectionis completed.
The purpose of the present experiments is to show that a cutout on
the contoured nozzle block is effective in mixing enhancement in
all � ow regimes, including the ideally expanded regime.

Experimental Facility and Techniques
The air delivery system to the nozzle is similar to the one

used by Kim and Samimy2 with additional � ow conditioning
screens installed in the stagnation chamber.3 As in the previous
experiments,2 the nozzle exit measures 2.86 cm wide and 0.95 cm
high, with an equivalentdiameter [Deq = (4Aexit / p )1/2] of 1.86 cm.
The schematic of the baselinenozzle and the types of cutouts on the
nozzle block are shown in Fig. 1. Contrary to the previous trailing-
edge modi� cations, in which the cutouts were either on the splitter
plate1 or on the nozzle extension in a full nozzle,2 the cutouts are
located on the contoured nozzle blocks. These contoured nozzles
are designed to generate uniform � ows at the nozzle exit, which
operated at the design conditions. The nozzle block has a cutout of
either rectangular type on the side (RS), shown in Fig. 1b, or rect-
angular type at the center (RC), shown in Fig. 1c. The cutouts on
the nozzle block are more representative of practical applications.
This is the only major difference between the present nozzles and
the previous nozzles. The cutout dimensions are the same as those
used in the previousexperiments.1,2 The wall thicknessat the cutout
edge in the present case is gradually decreased from 4.5 mm at the
beginning of the cutout to 1 mm at the nozzle exit, whereas it was
1 mm in the previous cases.

As in previous work, the instantaneous cross-sectional images
were acquired by the laser sheet illumination technique.1,2 The vi-
sualizations of the jet cross section were performed at four down-
streamlocations,that is, x / Deq =1, 2, 4, and 8. The jet was operated
at three fully expandedjet Mach numbers of 1.75, 2.0 (design Mach
number), and 2.5.
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